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Hilbert $L^{2}(\mathrm{R})$ base .
\S 1. $L^{1}(\mathrm{R})$ , $L^{2}(\mathrm{R})$
, $L^{1}(\mathrm{R})$ Banach , $L^{2}(\mathrm{R})$ Hilbert ,
, $f^{*}g$ , $*$ -involution $farrow f^{*}$ :
$\forall f,g\in L^{1}(\mathrm{R})$ or $\in L^{2}(\mathrm{R})$ ,
convolution :
$f^{*}g(t)= \int_{\mathrm{R}}f(f-S)g(s)ds=gf*(t)$
*involution $farrow f^{*}$ , $f^{*}(t)=\overline{f(-t)}$ .
, $L^{1}(\mathrm{R})$ Banach*
$T_{f}g=f^{*}g$ $(f\in L^{1}, g\in L^{2})$
$f^{*}g\in L^{2}$ , $||T_{f}g||f^{*}g||_{2}\leq||f||_{1}||g||2$
, $T_{f}$ Hilbert $L^{2}=L^{2}(\mathrm{R})$ ,
$\tau_{f}$ . $=(T_{f})^{*}$ , $||T_{f}||$ (f\not\subset norm) $\leq||f||_{1}$ $(f\in L^{1})$ .
, $f\in L^{1}$ , Fourier
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$\hat{f}(\omega)=\int_{\mathrm{R}}f(t)e^{-}d2J\dot{a}\zeta\alpha t\in c_{0}(\mathrm{R})$
$(\hat{f}(\pm\infty)=0)$
. $f\in L^{2}$ $\int_{-}^{\tau_{T}}$ , $Tarrow\infty$ $L^{2}$
$\ell.i.m$ . $\hat{f}(\bullet)$ . , ’Fourier $f\in L^{1}(\mathrm{R})arrow\hat{f}\in C_{0}(\mathrm{R})$’
Gelfand – case . Fourier ,
$f,g\in L^{1}$ ,
$(f^{*})^{\mathrm{A}}=\hat{f}-,$ $(f^{*}g)\mathrm{A}=\hat{f}\cdot\hat{g},$ $||\hat{f}||_{\infty}\leq||f||_{1}$
, $\{\hat{f};f\in L1\}$ dense in $C_{0}(\mathrm{R})$ .
$\mathrm{R}^{\mathrm{n}}$ , – ,
.
\S 2.
$\mathrm{R}=(-\infty, \infty)$ $\varphi$ ( $\mathrm{p}\mathrm{o}\mathrm{s}$ . def.)
$\sum\overline{\lambda}_{j}\lambda_{k}\varphi(t-f_{k})j\geq 0$ ( $\{f_{j}\}^{n}j=1\subset \mathrm{R},$ $\{\lambda_{j}\}_{j=}^{n}\iota\subset \mathrm{C},$ $\mathrm{C}$ )
$\varphi(t)=e^{\pm \mathit{2}\dot{\varpi}\alpha}$ (fixed $\omega\in \mathrm{R}$),
$\varphi(t)=f^{*}*f(f)$ $(f\in L^{1}\mathrm{o}\mathrm{r}\in L^{2})$ .
, $\mathrm{p}\mathrm{o}\mathrm{s}$ . def. :
$1^{\mathrm{o}}\sim 4^{\mathrm{o}}$ :
$1^{0}$
$\varphi$ $\mathrm{p}\mathrm{o}\mathrm{s}$ . def. on $\mathrm{R}$ , $\varphi(0)=1$ ,
$2^{0}$ (Bochner) $\mathrm{R}$ $\mu_{\varphi}$ ,
$\varphi(t)=\int_{\mathrm{R}}e^{2J}\dot{a}‘\alpha d\mu_{\varphi}(\omega)$
, $t\in \mathrm{R}$
$3^{0}$ (Khinchin) $\{f_{n}\}\subset L^{2}$ , $||f_{n}||_{2}=1$
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$f_{n}^{*}*f_{n}arrow\varphi$ ( – )
$4^{0}$
$\varphi(t)$ $\varphi(0)=1$
$\int f^{*}*f(t\mathrm{x}\rho(r)dt\geq 0$ $(\forall f\in L^{1})$ .
$1^{0}-4^{0}\text{ }\Rightarrow$
$5^{0}$
$| \int_{\mathrm{R}}f(t)\varphi(t)dt|\leq||\hat{f}||_{\infty}$ $(\forall f\in L^{1})$ .
$\mathrm{g}^{\underline{\overline{-}}}(1)2^{0}$
$d\mu_{\varphi}(\omega)<<d\omega$ $\Leftrightarrow$ $\exists\hat{\varphi}\in L^{1}\cap L^{2}$ ,
, $\hat{\varphi}(\omega)=\frac{d\mu(\omega)}{d\omega}$ (Radon-Nikodym ).
(2) $5^{0}$ $\varphi$ – $\mathrm{c}*$ -algebra states , Segal
Postulate for Quantum Mechanics, Annals of Math. (1947),
– .
\S 3. $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}$ ( HHHilbert )
$\Gamma$
$\mathcal{H}=\mathcal{H}(\Gamma)$ $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}$




$<\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}2>$ $K(s,t)(s,t\in \mathrm{r})$ ,
-r.$\cdot$ $K_{t}(\bullet)(=K(\bullet,t))\Delta\Gamma\in \mathcal{H}()$ $(\forall t\in\Gamma)$,
$f(t)=\langle K_{t},f\rangle,$ $t\in\Gamma,$ $f\in \mathcal{H}(\Gamma)$.
, $K=K(\bullet, \bullet)$ (on $\Gamma\cross\Gamma$ ) $\mathrm{R}\mathrm{K}$ ( $=\mathrm{R}\mathrm{e}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{C}\mathrm{i}\mathrm{n}\mathrm{g}$Kernel) of RKHS
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$\mathcal{H}$ .
( $\mathrm{R}\mathrm{K}$ – \rangle $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}$ , $\mathrm{R}\mathrm{K}K=K(\bullet, \bullet)$ – .
$K’=K’(\bullet, \bullet)$ $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}\mathcal{H}(\Gamma)$ RK $K_{t},K_{t}’\in \mathcal{H}(\Gamma\Gamma)$
$\langle K_{t}’,f\rangle=f(t)=\langle K_{t},f\rangle$ $(f\in \mathcal{H}(\mathrm{r}), t\in \mathrm{r})$ . $K_{t}=K_{t}’$ , i.e., $K’(s,t)$
$=K(s,t)$ .
( ) :
$<\mathrm{R}\mathrm{K}1>$ $K(s,t)=\langle K_{S},K_{t}\rangle=K_{t}(s)=K(t,s)$ ,
$<\mathrm{R}\mathrm{K}2>$ $K(=K$( $\bullet$ , $\bullet$ ) $)$ es positive definite,
$<\mathrm{R}\mathrm{K}3>$ $\{K_{t}; t\in \mathrm{r}\}$ $\mathcal{H}=\mathcal{H}(\Gamma)$ ,
$<\mathrm{R}\mathrm{K}4>$ $|K(s,t)|2\leq K(S,S)\cdot K(t,r)$ ,
$<\mathrm{R}\mathrm{K}5>$ $\forall\{X_{n}\}\subset \mathcal{H}$
. ,
$x_{n}(t)arrow x(t)(\forall t\in\Gamma)$ $||x_{n}||\leq M(\forall n)$ $\Leftrightarrow$ $X_{n}arrow X$ ( ),
$<\mathrm{R}\mathrm{K}6>$ $\forall t\in\Gamma$ , $\mathcal{H}$ $i(\bullet)(i(x)=\chi(t))$ $\mathcal{H}$
.
\S 4. $\varphi$ $\mathrm{R}\mathrm{K}$
\mbox{\boldmath $\varphi$} R . \mbox{\boldmath $\varphi$}
$K(s,t)=\varphi(_{St)}\Delta- (s,f\in \mathrm{R})$
.
4.1 $\mathcal{H}\subset L^{2}(\mathrm{R})$ $K$( $\bullet$ ) $\mathrm{R}\mathrm{K}$ $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}$
$\varphi(\bullet)=K(\bullet,\mathrm{o})\in L2$ $\varphi$ .
,
$\mathcal{H}=\{f\in L^{2};f=\varphi*f\}(^{\Delta}=\mathcal{H}_{\varphi})$ (4.1)
, H L2 .
( ) :
$K_{t}\in \mathcal{H}\subset L^{2}(\mathrm{R})$ , $K_{t}(\bullet)=K(\bullet,t)=\overline{\varphi(f}$- $\bullet$)
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$\sum\overline{\lambda_{j}}\lambda_{k}\varphi(t_{j}-t_{k})=\sum\overline{\lambda}\lambda jkK(t_{jk},t)\geq 0$ .
, $\varphi$ $\mathrm{p}\mathrm{o}\mathrm{s}$ . def $f\in \mathcal{H}$ , $K(\bullet)$ $\mathrm{R}\mathrm{K}$
$f(t)= \langle Kt’ f\rangle=\int\overline{K_{t}(s)}f(s)ds=\int\overline{K(S,t)}f(s)ds=\int\varphi(t-_{S})f(S)d_{S}=\varphi^{*}f(r)$ . (42)
(4.1) $\mathcal{H}=\mathcal{H}_{\varphi}$ .
. , $f_{n}(\in \mathcal{H})arrow f\in L^{2}$ ( ) $\Rightarrow$ $\forall g\in L^{1}\cap L^{2}$
$\langle f_{n},g\rangle=\langle\varphi\otimes f_{n},g\rangle=\langle f_{n},\varphi*g\ranglearrow\langle f,g\rangle=\langle f,\varphi^{*}g\rangle=\langle\varphi^{*}f,g\rangle$
$f=\varphi^{*}f$ , i.e., $\mathcal{H}$ closed in $L^{2}$ .
( ) : $\mathrm{p}\mathrm{o}s$ . def. $\varphi(t)=K(t,0)\in L2$ $f\in \mathcal{H}_{\varphi}(f=\varphi^{*}f)$
, (4.2)
$\langle K_{t},f\rangle=\varphi*f(t)=f(t)$ .
$\mathcal{H}=\mathcal{H}_{\varphi}$ $K$( $\bullet$ , $\bullet$ ) $\mathrm{R}\mathrm{K}$ $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}$ . $\mathrm{Q}\mathrm{E}$ D.
$\ovalbox{\tt\small REJECT}$ $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}$ R $\mathrm{K}$ Aronszajn [1], $\mathrm{S}\mathrm{a}\mathrm{i}\mathrm{t}\mathrm{o}[5,6]$, $[9,10]$ ,
$\mathrm{Y}\mathrm{a}\mathrm{o}[11]$ .
.
4.2 $\varphi\in L^{2}(\mathrm{R})$ $\varphi=\varphi^{*}*\varphi(=\varphi)*$ $L^{2}$
$\mathcal{H}_{\varphi}=\{f\in L^{2};f=\varphi^{*}f\}$
, $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}$ , $\mathcal{H}_{\varphi}$ $\mathrm{R}\mathrm{K}K(\bullet)$
$K(_{S,t})=\varphi(S-r)$
.
\S 5. SamPling ( ) $S_{\lambda}$ $BL_{\lambda}$
$S_{\lambda}$ (POS. def.) $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}$
, .
Time parameter space $\mathrm{R}=(-\infty,\infty)$ signal function $f,g,\cdots$
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, $f$ finite energy
$\int_{\mathrm{R}}|f(t)|dt<\infty 2$
. , total space $L^{2}=L^{2}(\mathrm{R})$ .
$f\in L^{2}$ Fourier $\hat{f}\in L^{2}$ $\omega$ $f$ (Frequency)
. \mbox{\boldmath $\omega$} ( , ) $\lambda\in \mathrm{R}$
$f$ .
$BL_{\lambda}=\{\Delta f\in L^{2}$ ; $\hat{f}(\omega)=0$ for $\omega(|\omega|>\lambda)\}$ .
5.1 $BL_{\lambda}$ $L^{2}(\mathrm{R})$ .
Fourier Plancherel .
$S_{\lambda}(\bullet)$ ( $\lambda>0$ , fixed) , . $\forall t\in \mathrm{R}$ ,
$S_{\lambda}(\mathrm{r})=$
$2 \lambda\frac{\sin 2\pi\lambda t}{2\pi\lambda t}$ $(t\neq 0)$
$2\lambda$ $(t=0)$
. Shannon [71 , entropy
.
, , , , Shannon
, Shannon
. , $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}$ $\mathrm{Y}\mathrm{a}\mathrm{o}[10]$ :
5.2(Yao) Hilbert $BL_{\lambda}$ $\mathrm{R}\mathrm{K}$ ( ) $K_{\lambda}$ $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}$
, $\mathrm{i}.\mathrm{e}.$ ,
$BL_{\lambda}=\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}\mathcal{H}(K_{\lambda})$ ,
, RK $K_{\lambda}$ $K_{\lambda}(s,t)=S_{\lambda}(s-t)_{S,t\in}$, R.
$\hat{S}_{\lambda}=1_{[}-\lambda,\lambda$
]











$\varphi(=\check{\Psi})$ $\varphi^{*}\varphi=\varphi=\varphi^{*}\in L2$ , $\varphi$ $\mathrm{p}\mathrm{o}\mathrm{s}$ . def. . $\mathrm{R}$
$\mathrm{K}\mathrm{H}\mathrm{S}$ , 5.2 formulation .
.
.
\S 6. Momentum Operator $P$ $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}$ $\{BL_{\lambda}\}_{\lambda>}0$
Momentum $P$ Position Operator $Q$ Hilbert $L^{2}(\mathrm{R})$
, origin $(P,Q)$ Schr\"odinger Pair
.
$D_{0^{=}}$ { $f\in L^{2}(\mathrm{R});f$ $f’= \frac{df}{dt}\in L^{2}$ },
$D_{1}=\{f\in L^{2}(\mathrm{R});f(t)\in L^{2}(\mathrm{R})\}$ ,
,
$Pf= \frac{1}{2\pi i}\frac{d}{dt}f$, $f\in D_{0}$ ,
$(Qf)(t)=tf(t),$ $f\in D1$
. , $P,Q$ $L^{2}(\mathrm{R})$ , essentially $\mathrm{s}.\mathrm{a}$.
. , – self-adjoint ($\mathrm{s}.\mathrm{a}$. ) .
$P,Q$ .
base Hilbert Spectral
. – $\mathrm{R}\mathrm{K}\mathrm{H}\mathrm{S}$ l-parameter $\{BL_{\lambda}\}_{\lambda>}0$
. $L^{2}(\mathrm{R})$ .
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6.1 $\{S_{\lambda},\lambda>0\}$ $BL_{\lambda},\lambda>0$ , $\{S_{\lambda}\}$
Spectral resolution $\{\dot{S}_{\lambda}\}$ – : , $\forall\lambda>0$ ,
$( \dot{S}_{\lambda}f)(f)=\dot{S}_{\lambda^{*}}f(t)=\int_{\mathrm{R}}S_{\lambda}(t-s)f(t)dt$
$\dot{S}_{\lambda}:L2(\mathrm{R})arrow BL_{\lambda}$ . 1 $\{\dot{S}_{\lambda},\lambda>0\}$ momentum $P$
. $P$ $P^{2}$ :
$P^{2}= \frac{-1}{(2\pi)^{2}}\frac{d^{2}}{dt^{2}}=\int^{\infty}0\lambda d\dot{S}_{\lambda}$ .
, Hilbert $\mathcal{H}$ $\mathrm{s}.\mathrm{a}$ . $A$
– :
$A=\mathrm{j}_{-}^{\infty}\lambda dE_{\lambda}A$ .
, $\forall\lambda\in \mathrm{R}^{+}$ $F_{\lambda}$ ,




$= \int_{0}^{\infty}\lambda dE_{\sqrt{\lambda}}A-\int_{0}^{\infty}\lambda dE_{-}A\sqrt{\lambda}-0$
$= \int_{0}^{\infty}$ $F_{\lambda}$ , i.e., $F_{\lambda}=E_{\lambda}^{A^{2}}(\lambda\geq 0)$ .
, Position Operator $Q$ $E_{\lambda}^{Q}$ ,
$(E_{\lambda}^{Q}x)(t)=1_{(-,\lambda]}(t)x(t),$ $a.e$ . $t\in \mathrm{R},$ $x\in L^{2}(\mathrm{R})$










$\int_{-^{\lambda d\dot{S}_{\lambda}}}^{\infty}=\int_{0}^{\infty}\lambda d(E_{\sqrt{\lambda}}^{P}-E^{P})-\sqrt{\lambda}-0=\int_{0}^{\infty}\lambda dE^{P^{2}}\lambda=P^{2}$.
6.2 $P$ #\tau ‘ $\{\dot{S}_{\lambda}\}_{\lambda}\geq 0$
,
$Px= \pm\int_{0}\infty\sqrt{\lambda}d\dot{S}_{\lambda}X$ , $x\in D_{\pm}(P)$ .
$Q$ $P$ , $\dot{S}_{\lambda}$ Fourier (-Unitary)
, $Q$
.
momentum $P$ square $P^{2}$
[8] [10] ,
$P$ position $Q$ .
,
$\varphi$ ,
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